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Abstract 



Three-dimensional A^-extended superconformal symmetry is studied within the su- 
perspace formalism. A superconformal Killing equation is derived and its solutions 
are classified in terms of supertranslations, dilations, Lorentz transformations, R- 
symmetry transformations and special superconformal transformations. Supercon- 
formal group is then identified with a supermatrix group, OSp(A/"|2,R), as expected 
from the analysis on simple Lie superalgebras. In general, due to the invariance un- 
der supertranslations and special superconformal transformations, super confer mally 
invariant n-point functions reduce to one unspecified (n — 2)-point function which 
must transform homogeneously under the remaining rigid transformations, i.e. dila- 
tions, Lorentz transformations and .R-symmetry transformations. After constructing 
building blocks for superconformal correlators, we are able to identify all the supercon- 
formal invariants and obtain the general form of n-point functions. Superconformally 
covariant differential operators are also discussed. 
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1 Introduction and Summary 

Based on the classification of simple Lie superalgebras |1[], Nahm analyzed all possible su- 
perconformal algebras ||. According to Ref. 0, not all spacetime dimensions allow the 
corresponding supersymmetry algebra to be extended to a superconformal algebra con- 
trary to the ordinary conformal symmetry. The standard supersymmetry algebra admits 
an extension to a superconformal algebra only if d < 6. Namely the highest dimension 
admitting superconformal algebra is six, and in d = 3,4,5,6 dimensions the bosonic part 
of the superconformal algebra has the form 

CcQCr, (1.1) 

where Cc is the Lie algebra of the conformal group and Cr is a i?-symmetry algebra acting 
on the superspace Grassmann variables. 
Explicitly for Minkowskian spacetime 



d = 3; 


o(2, 3) © o(A0 , 


d = 4; 


r o(2,4)©u(A0, M ^4 
{ o(2,4)ffisu(4) 


d = 5; 


o(2,5)©su(2), 


d = 6; 


o(2,6)©sp(A0, 



1.2) 



where M or the number appearing in i?-symmetry part is related to the number of super- 
charges. 

On six- dimensional Minkowskian spacetime it is possible to define Weyl spinors of op- 
posite chiralities and so the general six- dimensional supersymmetry may be denoted by 
two numbers, (A/", A/"), where M and M are the numbers of chiral and anti-chiral super- 
charges. The i?-symmetry group is then Sp(A/") X Sp(jv). The analysis of Nahm shows 
that to admit a superconformal algebra either M or M should be zero. Although both 
(1, 1) and (2, 0) supersymmetry give rise M = 4 four- dimensional supersymmetry after di- 
mensional reduction, only (2,0) supersymmetry theories can be superconformal 0. On 
five-dimensional Minkowskian spacetime Nahm's analysis seems to imply a certain restric- 
tion on the number of supercharges as the corresponding .R-symmetry algebra is to be su(2). 



The above analysis is essentially based on the classification of simple Lie superalgebras 
and identification of the bosonic part with the usual spacetime conformal symmetry rather 
than Poincare symmetry, since the former forms a simple group, while the latter does not. 
This approach does not rely on any definition of superconformal transformations on super- 
space. 

The present paper deals with superconformal symmetry in three-dimensions and lies in 
the same framework as our sequent work on superconformal symmetry in other dimensions, 
d = 4, 6 @-§[. Namely we analyze superconformal symmetry directly in terms of coordi- 
nate transformations on superspace. We first define the superconformal group on superspace 
and derive the superconformal Killing equation. Its general solutions are identified in terms 
of supertranslations, dilations, Lorentz transformations, i?-symmetry transformations and 
special superconformal transformations. Based on the explicit form of the solutions the 
superconformal group is independently identified to agree with Nahm's analysis and some 
representations are obtained. 

Specifically, in Ref. [[| we identified four- dimensional M 7^ 4 extended superconformal 
group with a supermatrix group, SU(2, 2|jV), having dimensions (15 + Af 2 \8Af), while for 
N = 4 case we pointed out that an equivalence relation must be imposed on the super- 
matrix group and so the four- dimensional M = 4 superconformal group is isomorphic to a 
quotient group of the supermatrix group. In fact M = 4 superconformal group is a semi- 
direct product of U(l) and a simple Lie supergroup containing SU(4). The U(l) factor 
can be removed by imposing tracelessness condition on the supermatrix group so that the 
dimension reduces from (31|32) to (30|32) and the i?-symmetry group shrinks from U(4) to 
Nahm's result, SU(4)Q. In Ref. || by solving the superconformal Killing equation we show 
that six-dimensional (A/ - , 0) superconformal group is identified with a supermatrix group, 
OSp(2,6|A0, having dimensions (28 + Af(2Af + 1)|16AT), while for (M,Af), M,Sf > su- 
persymmetry, we verified that although dilations may be introduced, there exist no special 
superconformal transformations as expected from Nahm's result. 

The main advantage of our formalism is that it enables us to write general expression 
for two-point, three-point and n-point correlation functions of quasi-primary superfields 
which transform simply under superconformal transformations. In Refs. [[[]-§] we explicitly 
constructed building blocks for superconformal correlators in four- and six-dimensions, and 



1 Similarly if five-dimensional superconformal group is not simple, this will be a way out from the puzzling 
restriction on the number of supercharges in five-dimensional superconformal theories, as the corresponding 
i?-symmetry group can be bigger than Nahm's result, SU(2). However this is at the level of speculation at 
present. 



proved that these building blocks actually generate the general form of correlation func- 
tions. In general, due to the invariance under supertranslations and special superconformal 
transformations, n-point functions reduce to one unspecified (n — 2)-point function which 
must transform homogeneously under the rigid transformations only - dilations, Lorentz 
transformations and i?-symmetry transformations @]. This feature of superconformally in- 
variant correlation functions is universal for any spacetime dimension if there exists a well 
defined super inversion in the corresponding dimension, since super inversion plays a crucial 
role in its proof. For non-supersymmetric case, contrary to superinversion, the inversion 
map is defined of the same form irrespective of the spacetime dimension and hence rz-point 
functions reduce to one unspecified (n — 2)-point function in any dimension which transform 
homogeneously under dilations and Lorentz transformations. 

The formalism is powerful for applications whenever there exist off-shell superfield for- 
mulations for superconformal theories, and such formulations are known in four- dimensions 
for M = 1, 2, 3 0-0] and in three-dimensions for J\f = 1, 2, 3, 4 pHU- In fact within the 
formalism Osborn elaborated the analysis of M = 1 superconformal symmetry for four- 
dimensional quantum field theories ptfl , and recently Kuzenko and Theisen determine the 
general structure of two- and three- point functions of the supercurrent and the flavour cur- 
rent of M = 2 superconformal field theories [2l|. A common result contained in Refs. [ [20| , |2~Tf 



is that the three-point functions of the conserved supercurrents in both TV = 1 and M = 2 
superconformal theories allow two linearly independent structures and hence there exist 
two numerical coefficients which can be calculated in specific perturbation theories using 
supergraph techniques. 

The contents of the present paper are as follows. In section |2| we review supersymmetry 
in three-dimensions. In particular, we verify that supersymmetry algebra with N Dirac 
supercharges is equivalent to 2iV-extended Majorana supersymmetry algebra, so that in 
the present paper we consider A/"-extended Majorana superconformal symmetry with an 
arbitrary natural number, M . 

In section ^, we first define the three-dimensional A/"-extended superconformal group 
in terms of coordinate transformations on superspace as a generalization of the definition 
of ordinary conformal transformations. We then derive a superconformal Killing equation, 
which is a necessary and sufficient condition for a supercoordinate transformation to be 
superconformal. The general solutions are identified in terms of supertranslations, dila- 
tions, Lorentz transformations, i?-symmetry transformations and special superconformal 
transformations, where i?-symmetry is given by 0(A/") as in eq.( |1.2j ). We also present a def- 
inition of superinversion in three-dimensions through which supertranslations and special 



superconformal transformations are dual to each other. The three-dimensional jV-extended 
superconformal group is then identified with a supermatrix group, OSp(A/"|2,R), having 
dimensions (10 + \N(N — 1)|4A/") as expected from the analysis on simple Lie superalge- 
bras m,||. 

In section |], we obtain an explicit formula for the finite non-linear superconformal 
transformations of the supercoordinates, z, parameterizing superspace and discuss several 
representations of the superconformal group. We also construct matrix or vector valued 
functions depending on two or three points in superspace which transform covariantly un- 
der superconformal transformations. For two points, Z\ and Z2, we find a matrix, I(z\,Z2), 
which transforms covariantly like a product of two tensors at Z\ and Zi- For three points, 
Zi,z 2 ,z 3 , we find 'tangent' vectors, Z iy which transform homogeneously at Zi, i = 1,2,3. 
These variables serve as building blocks of obtaining two-point, three-point and general 
n-point correlation functions later. 

In section |5], we discuss the superconformal invariance of correlation functions for quasi- 
primary superfields and exhibit general forms of two-point, three-point and n-point func- 
tions. Explicit formulae for two-point functions of superfields in various cases are given. 
We also identify all the superconformal invariants. 

In section |6], superconformally covariant differential operators are discussed. The condi- 
tions for superfields, which are formed by the action of spinor derivatives on quasi-primary 
superfields, to remain quasi-primary are obtained. In general, the action of differential 
operator on quasi-primary fields generates an anomalous term under superconformal trans- 
formations. However, with a suitable choice of scale dimension, we show that the anomalous 
term may be cancelled. We regard this analysis as a necessary step to write superconfor- 
mally invariant actions on superspace, as the kinetic terms in such theories may consist of 
superfields formed by the action of spinor derivatives on quasi-primary superfields. 

In the appendix, the explicit form of superconformal algebra and a method of solving 
the superconformal Killing equation are exhibited. 



2 Preliminary 

2.1 Gamma Matrices 

With the three-dimensional Minkowskian metric, if" = diag(+l, —1, —1), the 2x2 gamma 
matrices, 7 M , \i = 0, 1, 2, satisfy 

YY = v ^ + te^ p lp . (2.1) 

The hermit icity condition is 

7 yy = yt . (2.2) 

Charge conjugation matrix, e, satisfies^] [p3| 



go/Mg 1 = — ryM* 



e* = -e, et = e - 1 



(2.3) 



7 M forms a basis for 2x2 traceless matrices with the completeness relation 

7 M W* = 25 V/3 7 - 5 VV (2-4) 

2.2 Three-dimensional Superspace 

The three-dimensional supersymmetry algebra has the standard form with P p = (H, — P) 

(2.5) 
[P„, P v ) = [P„ Q ia ] = [P M , 0^] = {Q-, Q#» } = {Q taj Q j0 } = , 

where 1 < a < 2, 1 < z < iV and Q\ Qj satisfy 

Q t = Q'V • (2.6) 

Now we define for 1 < a < 2N, 1 < i, j < N 



I UQ'+z-'m \ 



Q° 



yijsW-^fyj 



(2.7) 



2 To emphasize the anti-symmetric property of the 2x2 charge conjugation matrix in three-dimensions 
we adopt the symbol, e, instead of the conventional one, C. 



and 

Qa = g at 7° = (^(Qi - Q u e), - i^iQj + Q*e)) . (2.8) 

Q a , Qt, satisfy the Majorana condition 

With this notation we note that the three-dimensional iV-extended supersymmetry alge- 
bra (|2.5| ) is equivalent to the 2iV-extended Majorana supersymmetry algebra 



(2.9) 



{Q aa , Qbp} = 25 a b Y a pP» 
[P fM ,P u ] = [P„Q aa ]=0. 



(2.10) 



This can be generalized by replacing 2N with an arbitrary natural number, A/", and hence 
TV-extended Majorana supersymmetry algebra. 

Pfii Q aa i 1 < a < J\f generate a supergroup, Gy, with parameters, z M = (x^,9 aa ), 
which are coordinates on superspace. The general element of G-r is written in terms of 
these coordinates as 

Corresponding to eq.([2.9|) 9 a also satisfies the Majorana condit 



ion 



e a = rV = -0 a 



so that 



g{z) j = g(z) 1 = g{-z) . 



(2.11) 

(2.12) 
(2.13) 



Q a 9 a = 9 a Q a , 
The Baker- Campbell-Haussdorff formula with the supersymmetry algebra (|2.10| ) gives 

g(z 1 )g(z 2 ) = g(z 3 ) , (2.14) 



where 

Letting z\ 
where 



x% = x $ + x% + %dxa^d% , 61 = 01 + 9%. (2.15) 

-z?, we may get the supertranslation invariant one forms, e M = (e M , d9 aa ), 

eP(z) = dx» - i9 a Yd9 a . (2.16) 



The exterior derivative, d, on superspace is denned as 



d = dz M ^ M = e M D M = e^ - d6 aa D 



where Dm = (<9 M , —D aa ) are covariant derivatives 



0, 



d 



11 dx*' 






We also define 



D aa = e~ laf} D a p = -^ i{YO a T C 



oe n 



dx^ 



satisfying the anti-commutator relations 

{D aa ,D b0 } = 2i6 a b 'f a d lt . 



(2.17) 

(2.18) 
(2.19) 

(2.20) 



Under an arbitrary superspace coordinate transformation, z — > z', e M and Dm trans- 
form as 

e M ( z ') = e N (z)n N M (z) , 



D' Ar = n- 1 M N (z)D N: 



'M 



so that the exterior derivative is left invariant 



e M (z)D M = e M (z')D' M , 
where 1Zm (z) is a (3 + 2jV) x (3 + 27V) supermatrix of the form 



Km" z 



N, 



-B» a (z) -D aa 6' h ? ) ' 



with 



dx w - B0' a 
BZ a (z) = D aa x'» + i6' b rD aa 6' b . 



(2.21) 
(2.22) 

(2.23) 

(2.24) 
(2.25) 



For Majorana spinors it is useful to note from eqs.( |2.2| . ^.3| . [A.3aO 



a 7; c a 



£aP = Pa£ 



(2.26a) 



P a e a + e a p a + p a e a 1 = 0, (2.26b) 

Pal^Y 2 ■ ■ ■ l^ n e a = {-l) n e a ^ n ■ ■ ■ Y 2 7 fll p a , (2.26c) 

(p a7 Mya . . . Y n £ a )* = e a Y n ■ • ■ Y 2 l^P a ■ (2.26d) 

In particular 

e a e a = -\e a e a \. (2.27) 

3 Superconformal Symmetry in Three-dimensions 

In this section we first define the three-dimensional superconformal group on superspace 
and then discuss its superconformal Killing equation along with the solutions. 

3.1 Superconformal Group & Killing Equation 

The superconformal group is defined here as a group of superspace coordinate transforma- 
tions, z — > z', that preserve the infinitesimal supersymmetric interval length, e 2 = r/^e^e", 
up to a local scale factor, so that 

e\z) -> e\z') = Q\z;g)e 2 (z), (3.1) 

where Q(z; g) is a local scale factor. 
This requires B£ a (z) = 

D aa x'» + i9' b rD a J' b = Q. (3.2) 

and 

e»(z') = e»(z)R u »(z;g), (3.3) 

Rf(z; g)Rf(z; g) VXp = n 2 (z; g)rj^ , det R(z; g) = £l\ Z] g) . (3.4) 

Hence TIm in eq. ( |2.23|) is of the form[] 

v n (z . n] __ ( R?{z\g) d^\ 



3 More explicit form of 1Zm N is obtained later in cq.(4.40) 



Infinitesimally z' ~ z + 5z, eq. (|3.2| ) gives 

V = 2z(A a7 a 
or equivalently 



where we define 






Infinitesimally from eq.( |2.24j ) R^ u is of the form 



RS-Sf + dnh", 



so that the condition ( |3.4|) reduces to the ordinary conformal Killing equation 

dfji v + djip oc 77^ . 



(3.6) 

(3.7) 

(3.8) 

(3.9) 
(3.10) 



We note that eq. (|3.10|) follows from eq.( [3.6|) . Using the anti-commutator relation for 
D aa ( P^q ) we get from eqs. (|£q|577 UOaD 



8 a h d v h^ = \ (D aa (Xbl^) a ~ (lvl»D ba \ a y 



and hence 



S a \d,h u + d v h,) = (D aa \ ba - D ba \ aa ) Vi 



jJLV 1 



(3.11) 



(3.12) 



which implies eq. ( |3.10| ) . Thus eq. ( |3.6| ) or eq. ( |3.7| ) is a necessary and sufficient condition for 
a super coordinate transformation to be superconformal. 



From eq. (|3.6| , pT7|) X aa , X aa are given by 



X aa = iljja^a^ ^ 



A„ 



:D n »hP 



a/3-^ a i 



where 



h a /3 = /i'vy 

Substituting these expressions back into eqs.( pT6| , p?7| ) gives using eqs.( |2.1| , p^|) 

D aa W = i\^ v yn Xa fi D a < i h v . 
9 



(3.13) 
(3.14) 

(3.15) 



or equivalently 






£> aQ l/ 7 = |5 a 7 D a5 h^ (5 - l5^D a5 h. a 8 . 



(3.16) 



Eq. fl3.15|) or eq.( |3.16|) may therefore be regarded as the fundamental superconformal Killing 
equation and its solutions give the generators of extended superconformal transformations 
in three-dimensions. The general solution isQ 



where a M , If, A, w^ u - 
t G so (A/") satisfying 

We also set 

Eq.( |3.17|) gives 



br{z) = 2x-bx» - {x 2 - \{6 a 6 a ) 2 )bv + e^ vX x v b x 9 a 9 a 

-2p a x^e a + w^ v x v + \e^ vX w vX e a e a + \x» 

+it a %YO a + 2ie a ^9 a + a» , 
-w V fi are real, e a ,p a satisfy the Majorana condition 



tt = t 4 = -t. 



x = 3^7 . 



x ± =x±i±0 a 6 a l. 



\ a = x+ b-f9 a - ix + p a + 2(p b 9 a )9 b + (w + \\)9 a - 9 b t b a + e a 
satisfying the Majorana condition 

'7 
where we put 



A a = A a V = -A a "e . 



.at . 



For later use it is worth to note 



7°W7° 



w 



-w 



\w^Yi v 



ewe 



-w l . 



(3.17) 



and 



(3.18) 
(3.19) 

(3.20) 

(3.21) 
(3.22) 

(3.23) 



A method of obtaining the solution (3.17) is demonstrated in Appendix 



10 



3.2 Extended Superconformal Transformations 

In summary, the generators of superconformal transformations in three-dimensions act- 
ing on the three-dimensional superspace, M 3 ' , with coordinates, z M = (x^,9 aa ), can be 
classified as 

1. Supertranslations, a, e 

ftx^ 1 = 0?- i6 a ^e a , 56 a = e a . (3.24) 



This is consistent with eq.( |2.15|) . 

2. Dilations, A 

5x» = Xx^ , 56 a = \\6 a . (3.25) 

3. Lorentz transformations, w 

5x^ = w» v x v , 56 a = w9 a . (3.26) 

4. .R-symmetry transformations, t 

5x^ = 0, 59 a = -6 b t h a . (3.27) 

where t e so (A/") of dimension \H{H — 1). 

5. Special superconformal transformations, b, p 

8x» = 2x-bx" - (x 2 + \{6 a a ) 2 W - p a x+Y l O a , 
56 a = x + b-f6 a - ix + p a + 2(p b 6 a )6 b . 



(3.28) 



As we consider infinitesimal transformations we obtain SO (A/") as .R-symmetry group. 
However finitely .R-symmetry group can be extended to 0(7V) which leaves the supertrans- 



lation invariant one form fl2.16|) invariant manifestly. 
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3.3 Superinversion 

In three-dimensions we define superinversion, z M -^-» z' M = (x'^, 9 ,aa ) G M 3 ' , by 

x' ± = -x^ 1 , 6' a = ix+ l 6 a . (3.29) 

As a consistency check we note from x + x_ = {x 2 + \{0 a a ) 2 ) 1 

9' a = 9 ,a ^° = -6' at e , x' + - x'_ = i6' a 6' a 1 . (3.30) 

It is easy to verify that superinversion is idempotent 



S = l- 



Using 

e{z) = e"{z)^ = dx + + 2id6 a e a 

we get under superinversion 

e{z') = x; 1 e(^)x: 1 . 

and hence 

e 2 (z') = n 2 (z;i s )e 2 (z), Q(z;i s ) 



Eq. fl3.33|) can be rewritten as 

e^(z') = e»(z)R u »{z; i s ) , Rf{z\ i s ) = ftr^xlV^ 1 ) . 

Explicitly 

WW.) = (^ + 1(^)2)2 ( 2x ^ ~ ^ ~ WW ~ eS x x x 9 a 9 a ) ■ 

Note that 

7"iV(*; is) = *: V*; 1 , R^(z; i s ) llx = x-^xz 1 . 



3.31) 

3.32) 
3.33) 

3.34) 
3.35) 

3.36) 
3.37) 



i s ogoi s 

If we consider a transformation, z > z , where g is a three-dimensional supercon- 

formal transformation, then we get 

h"(z) = 2x-ax fM - (x 2 - \{e a 6 a ) 2 )a» + e^ uX x l/ a x 9 a 9 a 

~2e a x^B a + w^ v x u + \^ vX w uX 9 a e a - Xx" (3.38) 

+it a %^e a + 2ip a ^e a + w . 

12 



Hence, under superinversion, the superconformal transformations are related by 



K 



( d l \ 
If 

e a 

p" 
A 

V ^ J 



( b^ \ 

p" 



-A 



w 



In particular, special superconformal transformations fl3.28[) can be obtained by 



i s o(b,p)oi 3 



->■ Z 



where (6, p) is a supertranslation. 

3.4 Superconformal Algebra 

The generator of infinitesimal superconformal transformations, £, is given by 

£ = h»d» - X aa D aa . 
If we write the commutator of two generators, Ci, £2, as 

[£2, £1] = £3 — h z d^ — \^ a D aa , 
then /ig, Ag Q are given by 

/# = h v 2 d v ht - h^d v h^ + 2i\ la ^\% , 

A3 = /^A" — Ci\% , 



(3.39) 



(3.40) 



(3.41) 



(3.42) 



(3.43) 
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and h%, A3 satisfy eq.( |3.7|) verifying the closure of the Lie algebra. 
Explicitly with eqs.( p7T7| , p720D we get 

a% = w%a u 2 + A l0 £ + te la Ye a 2 - (1 <-► 2) , 

el = Wl e a 2 + Uieg - ia 2 -7Pi - 4*ib a ~ (! ^ 2 ) , 



A 3 = 2a 2 -&! - 2p la ^ - (1 <-► 2) 



w 3 



jlV 



w^w? + 2(o^ - a^) + 2pi a7 V J ^2 - (1 <- 2) 



[/x w] a 



(3.44) 



&£ = wt v ¥ 2 - A^ + ip la ^p% - (1 <-► 2) , 

^ = u^ - \\ lP a 2 - ib Tl el - p b 2 t lb a - (1 <-► 2) 

t 3 a 6 = (tit 2 ) a 6 + 2{p 2a e\ - e la p b 2 ) - (1 <-► 2) . 



From eq.( |3.44j) we can read off the explicit forms of three-dimensional superconformal al- 
gebra as exhibited in Appendix 0. 



If we define a (4 + 2AT) x (4 + 2J\f) supermatrix, M, as 



M 



( w + |A zo-7 V^e 6 
z6-7 iu - \\ V2p b 



(3.45) 



V -V2p a -V2e a t a b 
then the relation above ( |3.44j ) agrees with the matrix commutator 

[M U M 2 } = M 3 . 
In general, M can be defined as a (4, 2JV) supermatrix subject to 



(3.46) 



BMB 



-1 



CMC 



-1 



-Mt 



-M* 



5 



C 






7° 





7° 














1 


'0 


e 





e 














1 



(3.47a) 



(3.47b) 
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Supermatrix of the form ( 3.45| ) is the general solution of these two equations. 



The 4x4 matrix appearing in M, 



w 






za-7 
w-\\ 



(3.48) 



corresponds to a generator of SO(2,3) = Sp(2,M) as demonstrated in Appendix [D[ Thus, 
the A/"-extended Majorana superconformal group in three-dimensions may be identified 



with the supermatrix group generated by supermatrices of the form M ( |3.45| ), which is 
OSp(A/"|2,M) = G 5 having dimensions (10 + \M(M -l)\AM). 



15 



4 Coset Realization of Transformations 

In this section, we first obtain an explicit formula for the finite non-linear superconformal 
transformations of the supercoordinates and discuss several representations of the super- 
conformal group. We then construct matrix or vector valued functions depending on two 
or three points in superspace which transform covariantly under superconformal transfor- 
mations. These variables serve as building blocks of obtaining two-point, three-point and 
general n-point correlation functions later. 

4.1 Superspace as a Coset 

To obtain an explicit formula for the finite non-linear superconformal transformations, we 
first identify the superspace, R 3 ' 27 ^, as a coset, Gg/G , where G C G5 is the subgroup 
generated by matrices, Mo, of the form ( |3.45| ) with a^ = 0, e a = and depending on 
parameters b^, p a , A, w^ u , t a b . The group of supertranslations, Gt, parameterized by coor- 
dinates, z M G M 3 ' , has been defined by general elements as in eq.( |2.11| ) with the group 



property given by eqs.( |2.l4] , |2.15|) . Now we may represent it by supermatrices^] 

/0 



Note G T (z) 



Gt(z) 



Ch 



exp 





Vo 



ix y/26 b 



■y/26 a 




(4-1) 



In general an element of G5 can be uniquely decomposed as GtGq 1 . 
element G(g) G G5 we may define a superconformal transformation, z 
associated element G (z; g) G G by 

G{g)- 1 G T {z)G (z;g) = G T (z'). 

If G(g) G Gt then clearly G (z; g) = 1. Infinitesimally eq.([4.2[) becomes 

5G T (z) = MGt(z) - G T (z)M (z) , 



Thus for any 

— > z' and an 



(4.2) 



where M is given by eq. (|3.45|) and Mq(z), the generator of Go, has the form 



M (z 



( w(z) + \\{z) 









\ 


ib-y 


w(z) 


— 


\\{z) 


V2p b (z) 


V -V2p a (z) 









ta\z) ) 



D The subscript, T, denotes supertranslations. 



(4.3) 



(4.4) 



16 



The components depending on z are given by 

w(z) + \\{z) =w + \\ + x+6-7 + 26 a p a , 

w(z) - \\(z) =w-\\- 6-7x_ - 2p a 6 a , 

X(z) = A + 2x-b - 26 a p a , 

p a {z) =p a - ie a b-l = {p a {z))h° = -P a {z) l e 
i a \z) = t b + 2id a b- 1 6 h + 29 a p b - 2p a 9 b . 
w(z) can be also written as w(z) = \w tMV (z)^^ 1 ' with 



D aa t b c (z) = 2(8 ab 5 cd - 5 a c 5 b d )p 



da 



(4.5) 



w„ u (z) = w^ + 2(x^b u - x v b^) + e fluX (b x 6 a e a + 2ip al x 6 a ) . (4.6) 

Writing 5Gt(z) = CGt(z) we may verify that C is identical to eq. (|3.41|) . 

The definitions ( [4.5| ) can be summarized by 

D aa X b ^z) = -\5 a b 5j\(z) - 5 a b wP a (z) + 5 a H a b (z) , (4.7a) 

d v h^(z) = Wfj, u (z) + r)v,v\(z) , (4.7b) 

and they give 

[D aa , C] = -D aa X b ^D b( , = (l8 a b 5 a P\(z) + 8 a b wP a (z) - 5 a H a b {z))D bp . (4.8) 

For later use we note 

DaaW^uiz) = 2(JD a (z)7[p7„]) a , 

D aa X(z) = 2p aa (z) , (4.9) 
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The above analysis can be simplified by reducing G (z; g). To achieve this we let 



1 | , (4.10) 
, 1 

and then 



w-\X vV 



M Z = Z H , ^To = ( 2 \J J- (4.11) 



Now if we define 



ix_ y/20 h 



Z(z) = G T (z)Z = \ 1 | , (4.12) 

■V29 a 5 a b 

then Z(z) transforms under infinitesimal superconformal transformations as 

SZ(z) = CZ(z) = MZ(z) - Z(z)H(z) , (4.13) 

where H(z) is given by 

w{z)-\\{z) V2p b (z) 

i a \z) 



M (z)Z = Z H(z), H{z) = [ "W-5'W V.JW ). (4 . 14) 



From eqs.( 3.42 , 3.46 ) considering 

[jC 2 ,jC 1 ]Z(z) = jC 3 Z(z), (4.15) 

we get 

H 3 {z) = £ 2 Fi(z) - C x H 2 {z) + [H 1 {z),H 2 {z)} , (4.16) 

which gives separate equations for w, A, p and t a b , thus A3 = C2X1 — £1X2, etc. 
As a conjugate of Z(z) we define Z(z) by 

^K;':)^-(»:)^-(:af)' (4 - i7) 

This satisfies 

Z(z) = Z(O)Gt^)- 1 , (4.18) 

and corresponding to eq. (|4.13| ) we have 

8Z(z) = CZ{z) = H{z)Z{z) - Z{z)M , (4.19) 

where 



■( Z ) = ( *M + 5 A M " 



*« = -^) yw • < 4 ' 20 » 



4.2 Finite Transformations 

Finite superconformal transformations can be obtained by exponentiation of infinitesimal 
transformations. To obtain a superconformal transformation, z — > z', we therefore solve 
the differential equation 

^ = £ M (z t ), z = z, z 1 = z>, (4.21) 



where, with C given in eq. (|3.41|) , C M (z) is defined by 

C = C M {z)d M . (4.22) 

From eq.( [4.13|) we get 



-Z(zt) = MZ{zt) - Z{zt)H{z t ) , 


(4.23) 


which integrates to 

Z(z t )=e tM Z(z)K(z,t) 1 


(4.24) 


where K(z, t) satisfies 




jK{z, t) = -K{z, t)H(z t ) , K(z, 0) = fj ^y 


(4.25) 


Hence for t — 1 with K(z, 1) = K(z; g), z — > z', eq.(4.24j) becomes 




Z(z') = G(g)- l Z(z)K{z- g) , G(g)- 1 = e M . 


(4.26) 


G (z;g) in eq.(|4~2|) is related to K(z;g) from eq.(4.26|) by 





G (z;g)Z = Z K(z;g). (4.27) 

In general K(z; g) is of the form 

K{z . g)= ^(z;g^L(z;g) ^\z,g) ^ {m 

where Q(z; g) is identical to the local scale factor in eq.( |3.1| ), U(z; g) G SO (A/") 

U- 1 = W = U l , det U = 1 , (4.29) 
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and L(z; g) satisfies 



det L(z; g) = 1 



L- 1 (z;g) = e- 1 L{z;g) t e = <y°L{z;gW. 



From eq. (|4.26|) Z{z) transforms as 

Z(z') = K(z;g)Z(z)G(g) 
where 

( 7° ° \ rsf \t / 7° ° \ 



tf(z;s) 



o iJ^\o i) v 

V^O^s) U-\ b {z;g) 



cm: 



If we define for super inversion, 2; — -^ 2:', ( |3.29|) 
G^)-^ I e I . #(z;i 



' K 6 (*) 



with 



V a \z)=5 a b + 2i9 a x- 1 9 b , 



an analogous formula to eq.( |4.26 ) can be obtained for superinversion 



G{i s y x Z{z)K{z-i s 



\ —ix 



V26' n 



it . Malt 



\ V26' bt 5 b a 



Z z'Y. 



Similarly we have 
where 



K{z;i s )Z(z)G(i s )=Z(z' 



/\t 



K(z;i s ) 



lex 



-V2i6 a xz l V-\ b 



(4.30a) 



(4.30b) 



(4.31) 



(4.32) 



(4.33) 
(4.34) 

(4.35) 

(4.36) 
(4.37) 
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Note that 

V~\z) = V^ = V{zf = V(-z) = 1 - 2i9xZ 1 9 , (4.38a) 

6 a V a \z) = x_x^ , V a \z)6 b = Oax+'x- , (4.38b) 

R/{z; g) lv = Q{z; g)L~\z\ g)^L{z\ g) , (4.38c) 

YR^(z; g) = n(z; g)L(z; g^L-^z; g) . (4.38d) 

where R /J u (z;g) is identical to the definition ( |3.3|) . We may normalize R^ u (z;g) as 

R^(z; g) = Q(z; g)' 1 R^ {z; g) = |tr( 7A4 L(z; g)i v L~\z- g)) e S0(1, 2) . (4.39) 

4.3 Representations 

Based on the results in the previous subsection, it is easy to show that the matrix, 1Z M N (z; g), 
given in eq. (|3.5| ) is of the form 



N ( n(z;g)R/(z;g) in(z;g)-^L- 1 (z;g) ll ^\z;g)f \ 

UM ^ g) -\ n(z;g)^ a (z;g)U a \z;g) J' {4M) 

Since TZm n '{z\ g) is a representation of the three-dimensional superconformal group, each 
of the following also forms a representation of the group, though it is not a faithful repre- 
sentation 

Q(z;g)eD, R{z;g) ESO(l,2), 

(4.41) 
L(z;g), U(z;g)eO(Af), 

where D is the one dimensional group of dilations. 

Under the successive superconformal transformations, g" : z — > z' — > z" , they satisfy 

L(z- g)L{z'; g') = L{z; g") , and so on. (4.42) 

4.4 Functions of Two Points 

In this subsection, we construct matrix valued functions depending on two points, z\ and 
z 2 , in superspace which transform covariantly like a product of two tensors at z\ and z 2 
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under superconformal transformations. 
If F(z) is defined for z G R 3|2A ^ by 



then F(z) satisfies 



F(-z) 



F{z) = Z(0)G T (z)Z(0) 






zx_ \/2fl 6 



(4.43) 



e- 1 




!H(! ! 



(4.44) 



and the superdeterminant of -F(z) is given by 



sdet F(z) = -detx+ = x 2 + \{6 a 9 a ) 2 



We also note 



1 \ , ( 1 iv^x: 1 ^ 6 \ / ix_ 

-iV^xl 1 1 J [Z) [ 1 J == { K 6 (-^) 



where V a b (— z) is identical to eq.( |4.38a| ) and from eqs.( |4.45| , (4.46| ) it is evident that 

det V(z) = 1 . 
Hence, with eq.( fc38aD , V(*) G SO(AT). 

Now with the supersymmetric interval for R 3 ^ defined by 

G T (z 2 )- 1 G T (z 1 ) = G T (z 12 ) , z$ = (a&, 6<£ 2 , 6 l2a ) = -z™ , 

^12 = xi - A - ihaYOi , e a 12 = ei- e a 2 , 

we may write 



(4.45) 



(4.46) 



(4.47) 



and 



sdetF(z 12 ) = x 2 2 + ±(# 12a ^ 2 ) 2 , 
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detV(«i 2 ) = 1 



(4.48) 

(4.49) 
(4.50) 



where 



X12- = Xi_ - X 2+ - 2i9%9i a = X12 - i~Ql2a,Ql2 1 , 



X12+ = xi+ - x 2 _ + 2i6l6 2a = X12 + i\0i2a0i 2 l ■ 
From eqs.( |4.26 . 4.31 ) F(z\ 2 ) transforms as 

F(z' 12 )=K(z 2 ;g)F(z 12 )K(z 1 ;g). 
Explicitly with eqs.( |4.28"| , f4.32|) we get the transformation rules for x' 12± and Q'^ 2 

x'i 2 - = fi(«ij 9)*to(z%\ g)^L~ l (z 2 ; g)x 12 ^_L(z 1 ; g) , 

x i2+ = n (*i; flO^^; s0 5 £ -1 (>i; 5f)xi2+L(2;2; #) , 

0& = fi(z i; g)^L- 1 (z l ; g)(6 b 12 U b a (z 2 ; g) + wc ia+ ES) , 

9' 2 \ = n(z 2 ; g)^L-\z 2 - g)(e b 21 U b a ( Zl ; g) - zx 12 _E?) . 



In particular 



A + i(^2a^ 2 ) 2 = n( Zl ;g)n(z 2 ;g)(x 2 10 + ±(0^0? ^ 



'12 ~r 4^12aCi 2 J 



From eqs.( |4.38"H| , |4.53a| ) tr (7^X12- 7^X12+ ) transforms covariantly as 

tr( 7 V 12 _ 7 V 12+ ) = tr(7 A x 1 2-7 P Xi2 + )i?A M (^2^)V(^i^) 
From eq.( |4.53b|) we get 

f 1 -iy/2*£_&h \ K{zi _ g) ( 1 iy5*fci0* ^ 







5/ 



E/(« i; p) 



(4.51) 



(4.52) 



(4.53a) 



(4.53b) 

(4.54) 
(4.55) 



(4.56a) 



-iV29' 12a x'r 2 l S a e ) K{z2;9) {iV29 12d xTi. s d b 



Sl{z 2] g)hL-\z 2 ;g) \ 

U-\z 2] g) r 



(4.56b) 
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Using this and eq.( |4.4(j| ) we can rederive eg. ( |4. 53a] ) and obtain 

V(z[ 2 ) = U- 1 (z 1 ;g)V(z 12 )U(z 2 ;g), 

(4.57) 
V(z 21 ) = U-\z 2 ;g)V(z 21 )U(z 1 ;g). 

4.5 Functions of Three Points 

In this subsection, for three points, z\, z 2 , z% in superspace, we construct 'tangent' vectors, 
Zi, which transform homogeneously at z i7 i = 1, 2, 3. 

With z 2 i -^ {z 21 )', z 31 -±> (z 31 )', we define Zf = (Xf , G?) G R 3 ! 2 ^ by 

Gt{{zzi)')- X Gt{{z 2 x)') = G T {Z X ) . (4.58) 

Explicit expressions for Zy can be obtained by calculating 



Xi_ V2e\ 



(4.60) 



Z((z 31 )')Z((z 2i y) = F(Z 1 ) = [ _^- v - 1 J • ( 1.09) 

We get 

Xl- = X 31+ X23_X 21 _ , 
0" = i(x2i + 021 — X 31+^3l) > @la = — «(^21aX 2 " 1 _ — #31aX 31 _ 

Using 

x 23 - = x 21 _ - x 3 i+ - 2ie$ 1 e 2 i a , (4.61) 

one can assure 

X 1+ = 7 Xt 7 = -e-^l.e = x^+x^+xit , 

(4.62) 

x 1+ - x x _ = -2ze?e la = «e la e? 1 . 

From eq. (|4.53a|) under superconformal transformations, z — > z', Xi±, 0", Gi a transform 



as 

-lr-i 



X' 1± = n( Zl ; g)- l L-\ Zl - g)X 1± L( Zl ; g) , (4.63a) 

Q[ a = fi(*i; ^-^L- 1 ^; <7)G^(2 i; (?) , (4.63b) 

G' la = fi(z i; g)-hu-\\ Zl - g)e lb L( Zl ; g) , (4.63c) 
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so that 



X'r = n(z 1 ;g)- 1 X»R^{z 1 ;g) 



(4.64) 



Thus Z\ transforms homogeneously at Z\, as 'tangent' vectors do. 
Eq.( f4.63a| ) can be summarized as 



F(Z[] 



Q.{z x ;g) iL 1 (z 1 t 







F{Zi) 



&{zx;g) *L(zig) o 



u(z i;g ) 



V U-\zi,g) f 

Direct calculation using eq. (|4.38b"D shows that 

V(Z 1 ) = V(z 12 )V(z 23 )V(z 31 ) . 
Similarly for R^[z\ i s ) given in eq.( |3.35|) we obtain from eqs.( [3.37l , [4.60D 

R(Z 1] z s ) = (^ 2 + i(^ 12a ^ 2 ) 2 ) 2 (x2 1 + I(^ la ^ 1 ) 2 ) 2 R(z 12 ;i s )R(z 23 ;i s )R(z 3 i;i s ). (4.67) 



(4.65) 
(4.66) 



formal transformation, z — > z' 



From eqs.( [4.55| , f4.57|) V a b (Zi), R^{Z\\ i s ) transform homogeneously at z 1 under supercon- 

V(Z[) = U-\z x ; g)V(Z 1 )U(z 1 ; g) , (4.68a) 



R(Z[; i a ) = n(z 1 ;g) 2 R- 1 (z 1 ; g)R(Z 1 ; i s )R( Zl ; g) . 



It is useful to note 

detX 1± = -X 2 -i(6 la e?) 2 



^23 + i(^23a^f 3 ) 2 



(x 2 u + \(9i2a9 a 12 ) 2 ) (*fi + \{9vyfi, 



a \2 
3lJ 



(4.68b) 



(4.69) 



By taking cyclic permutations of £1,2:2, £3 in eq. (^4.60|) we may define Z 2) Z 3 . We find 
Z 2l Z 3 are related to Z\ as 



X 



2- 



-X2i + X 1+ X 12 + 



e 2 =tx 21+ e b 1 v b a ( Zl2 



X 3 _ = x^_X l+ ^_ , 6« = tx^ l _Q 1 V b a (z 13 ) 

where Z = (X, 9) is defined by superinversion, Z -^-> Z. 



(4.70a) 



(4.70b) 
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5 Superconformal Invariance of Correlation Functions 



In this section we discuss the superconformal invariance of correlation functions for quasi- 
primary superfields and exhibit general forms of two-point, three-point and n-point func- 
tions without proof, as the proof is essentially identical to those in our earlier work 0,|[. 

5.1 Quasi-primary Superfields 

We first assume that there exist quasi-primary superfields, ty (z), which under the super- 
conformal transformation, z — > z', transform as 

yi — > -q,'i ; m 11 ^') = V J (z)D/(z; g) . (5.1) 

D(z;g) obeys the group property so that under the successive superconformal transforma- 
tions, g" : z — ^-> z' -^-> z", it satisfies 

D(z;g)D(z';g') = D(z;g"), (5.2) 

and hence 

D{z;g)- 1 = D{z';g- 1 ). (5.3) 

We choose here D(z; g) to be a representation of SO(l, 2) x 0(7V) x D, which is a subgroup 
of the stability group at z — 0, and so we decompose the spin index, /, of superfields into 
SO(l,2) index, p, and 0(jV) index, r, as \l/ 7 = \l/ p r . Now Dj I (z;g) is factorized as 

Dj\z- g) = D» 9 {L{zi g))D r s (U(z; g))Q{z; g)~* , (5.4) 

where D p a (L), D r s {U) are representations of SO(l, 2) and 0(N) respectively, while r\ is the 
scale dimension of \& p '. 

Infinitesimally 

6* p r {z) =-(£ + r]\(z))* p r (z) - ^ ff r {z){s a P Y P w p a {z) - ■® p s {z)\{s ab ) s r i ab {z) , (5.5) 
where t ab (z) = 5 ac t c b (z), and s a p, s ab satisfy 

(5.6) 
[sab, s c d] = -VacSbd + rj ad s bc + r] bc s ad - r] bd s ac . 
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s a b is the generator of 0(J\f), while s a p is connected to the generator of SO(l,2), s pu , 
through 



3 /if 5 



^ApJ 'IpX^vp i iJup^vX T" T)v\°ij.p 'IvpSp.X 



s a p wP a (z) = \ Slxv w^{z) . 



(5.7) 



From eqs. ([4.15 , |4.16|) using eq.( |5.6| ) we have 

W = IMi]V- (5-8) 

It is useful to consider the conjugate superfield of ^ p r , ^ p r (z), which transforms as 

*'» r (z') = fi(z; ^-^^(L- 1 ^; g))D r '(U-\z; g)W s {z) . (5.9) 

Superconformal invariance for a general n-point function requires 

(^(z l )^(z 2 )---^(z n )} = (^(^W-tS'W). (5-10) 



5.2 Two-point Correlation Functions 

The solution for the two-point function of the quasi-primary superfields, ^ p r , 1 J' p r ., has the 
general form 



(xfj + j(«12.«? 2 ) 



where we put 



Xl2H 



X12H 



(^2 + 1(^12^2) 



1 5 

2\ 2 



(5.12) 



and / p cr (xi2+), / r s (V(zi2)) are tensors transforming covariantly according to the appropriate 
representations of SO(l,2), 0(jV) which are formed by decomposition of tensor products 
of X12+, V(zi2)- Under superconformal transformations, / p CT (xi 2 +) and I r s (V(zi 2 )) satisfy 
from eqs.( f4.53a| , ^.57| ) 



D(L- 1 (z 1 ;g))I(x 12+ )D(L(z 2 ;g)) = J(x' 12+ ) 



(5.13a) 



D{U-\ Zl] g))I(V(z 12 ))D(U(z 2 ; g)) = I(V(z' 12 )) . 



(5.13b) 
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As examples, we first consider real scalar, spinorial and gauge superfields, 
S(z), 4> a {z), r(z), ( a (z), Ca(z). They satisfy 

S(z) =S{z)*, 

^( z ) = e- la U P (z) = (7V(^) f ) a , (5.14) 

C(z) = c( z y = Uz) , 

and transform as 

S'(z') =n(z;g)-<>S(z), 

<f>' a (z')^Q(z;g)^M^a(z;g), 

fi a (z>) = Q(z; g y r >L- la p( Z] g)^(z) , (5.15) 

C(z') = n(z;g)-X\z)U b a (z;g), 

C(z')=n(z;g)- r >U- l a b (z;g)( b (z). 
The two-point functions of them are 

(Sfa)Sfe)> = C S J -— I (5.16) 

1^12 + l{Vl2aVl2) 



(n^)M^)) = iC+- lXl2+J " +1 , (5.17) 

{M ?M ) = c U 3 *Xt l) p)'Y - (5 ' 18) 

1^12 + 1\Vl2aVl2) ) 

(5.19) 

Note that to have non-vanishing two-point correlation functions, the scale dimensions, rj, of 
the two fields must be equal. 

For a real vector superfield, J^iz), where the representation of SO(l,2) is given by 
R^(z; g), we have 

(■n*i)^(*o> = c v , 2 J7£ 12 L^ ' ( 5 - 2 °) 

x\ 2 + {(o 12a e^y 
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where 

I" u {z) = BT{z\i a ) = |tr( 7 ^x +7 !y x_) . 

From eq.( |3.37D we note 

/""(*) = /""(-*) , I» v {z)I Xv {z) = 5» x . 

If we define 

J%(z) = J»(z)( 1 ,)%, 

then from eqs. fl2.4| , |5.20|) and 

^a.(^l)(xi2 + ) Q /3 = 2^ Q ^, 
A^l)^-)^ = 2i(S tJ a 9 12a p ~ S a 0Ol2cu,) , 

A*,(*i)(4* + \(e 12a a 12 ) 2 ) = 2t(6 12a x 12 _) a , 

(0l2aY X 12-)f3 



we get 



D aa (z 1 )(J a /3 (z 1 )r(z 2 )) = 2iC v {2 - rj) 



xh + i(0 12a 9 12 



a \2 



rj+1 



Hence (J a p(zi) J u (z 2 )) is conserved if r] = 2 

D aa {z 1 )(J a {z 1 )J v {z 2 )) = if 77 = 2 

The anti-commutator relation for D aa ( |2.20| ) implies also 

d 



dxt 



(J»( Zl )r(z 2 )) = 



if 77 = 2 



(5.21) 

(5.22) 
(5.23) 



(5.24) 



(5.25) 



(5.26) 



(5.27) 



This agrees with the non-supersymmetric general result that two-point correlation function 
of vector field in ^-dimensional conformal theory is conserved if the scale dimension is 

d- 1 H. 



5.3 Three-point Correlation Functions 

The solution for the three-point correlation function of the quasi-primary superfields, \E f p r , 
has the general form 

(*lp r (zi)*2/(*2)*3T*(z3)> 



H p r t7 / Tl t \z l )r' a {± 12+ )r' T (x 13+ )i s/ s {v(z 12 ))i t ' t (v{z l3 )) 



(5.2* 



0? 2 + |(0i2A a 2 ) 2 ) K + itfnaO 
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13; 



V-i 



where Z X M = (Xf , 9?) G R 3l2Af is given by eq. flpgp . 



Superconformal invariance ( |5.10| ) is now equivalent to 



F// T ,'(2)D^(L)^',(L)F' T (L) = H/ ' T \Z') 
Z' M = (X U R^(L), L^e ), 

H;'/ T t '{Z)D r 7{U)D s , s {U)D t ,\U) = E p \\\Z") 
Z" M = (X", Q b U b a ) , 

E P \ S T \Z) = X^+^~^H p r a s T \Z'") , 

Z" /M = (AX**, A5 6 a ), 
where [/ G 0(A/"), AGK and 2x2 matrix, L, satisfies 

L- 1 = 7 Lt 7 = e- 1 L 4 e, det L = 1 , 

4/(L) = |tr( 7! ,L 7 ^- 1 ) . 



(5.29a) 



(5.29b) 



(5.29c) 



(5.30) 



In general there are a finite number of linearly independent solutions of eq. (|5.29a|) , and 



this number can be considerably reduced by taking into account the symmetry properties, 
superfield conservations and the superfield constraints P, p0|, |21 1 . 



5.4 n-point Correlation Functions - in general 

The solution for n-point correlation functions of the quasi-primary superfields, ^ p r , has the 
general form 



H P1 ri P ^ ■ ■ ■ P >/ n (Zi(i)i ■■■, 2i(„- 2 ))ii 



rt Pk (x lk+ )I ri r »(V(z lk )) ( 5 - 31 ) 



hk) 



k=2 [Xl k + \{0lka0lk 



where, in a similar fashion to eg. (|4.58|) , with z kl -^-> z fcl , k > 2, ^i(i), • ■ • , i?i(n-2) are given 
by 

G T (S^)- 1 G T (fJ 1 ) = G T (Z 1{J _ 1} ) , j = 2, 3, ■ ■ • , n - 1 . (5.32) 
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We note that all of them are 'tangent' vectors at Z\. 



Superconformal invariance (5.10) is equivalent to 



(5.33a) 



fe=i 



Z 'S) = (*uML), L~ l %; 



H P < ■ ■ ■ P /HZ(i), ■ • ■ , 2 { ^ 2) )l[D r ^(U) = iV 1 ■ " " Pn rn (Z(i), ■ ■ • , Z"n-2)) , 

(5.33b) 



fc=i 

TllM _ ( yC c\b TT a\ 



M r i . . . r„/7 , jf \_ \-r)i+V2-\ \-Vn TJ ri . . . r n ( -pflll ... 7/// ^ 



(5.33c) 



Thus n-point functions reduce to one unspecified in — 2)-point function which must trans- 
form homogeneously under the rigid transformations, SO(l,2) x 0(jV) x D. 

From 

Xi(j_i)+ = Xj 1+ Xj n+ x nl _ , Xi(j-_i)_ = x nl+ Xj n _x J - 1 _ , (5.34) 

we get 

X(i, m )+ = Xip_i) + — Xi( m _i)_ + 2iO"^_ 1 )0 1 ( TO _i) a = x ll+ xi m+ x ml _ , (5.35) 

and hence 

x lm ' Z\" lma lm) 



aetJvn rn \j s - = —- / = ^—, r- . (5.3b) 



Now if we define 



fi 



&lm = - 2 (n-l)(n-2) T,^ + W^=2) fa + Vm) , (5-37) 



then using the following identity which holds for any matrix, Si m , and number, A, 



A im 



Il(Sim) Al - ) (fl(S lk S kl )-hA = \-U-^m + --- + v n) jj ( AS^_) (5>38) 

v i^m / \fc=2 / 2<l^m V^il^lm/ 
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we can rewrite the n-point correlation functions ( |5.31| ) as 

(^i Pl ri (^i)---^p/"(^)) 

Kpi n P '/ 2 ■ ■ ■ P'jHZldh ■ ■ ■ . 3«n-2)) m=2 I P '« Pk {±l k+ )lr> rh {V{Zlk)) 



(5.39) 



rL/m \ X lm + 4 {"lma"lrr. 



where 
K, n 



in >n rn (^l(l)) • • • >^l(n-2)) — -ftp/ 1 



r ' l (^l(l),---,^ : i(n-2)) II (- detX (^,m)±; 
2<Z^m 



(5.40) 

Note the difference in eq. (|5.31 ) and eq. ( |5.39| ) , namely the denominator in the latter is writ- 
ten in a democratic fashion. 



Superconformal invariance (|5.33a|) is equivalent to 



K p A ■ ■ ■ P ,<(Z (1) , ■■■, Z {n _ 2) )HD^ Pk (L)D r ^(U) = K^ ■ ■ ■ Pn r "(Z' {1) , 

k=i 



>Z(n-2)) ' 



In particular, K is invariant under dilations contrary to H. 



(5.41) 



5.5 Superconformal Invariants 



In the case of correlation functions of quasi-primary scalar superfields, eqs.( 5.1C , 5.36 , 5.41 



imply that K(2im, • • • , Z\( n -2)) is a function of the superconformal invariants and further- 
more that all of the superconformal invariants can be generated by contracting the indices 
of Zuj) = (^T(iV ®im) to m& ke them SO(l, 2) x 0(A/") x D invariant according to the recipe 



by Weyl p5| . To do so we first normalize Z^,--, as 

■SrP I vP p>a 



0')' w iOV' 



yp 



X{J 



(j) 



m«) 



2 



Q« 



e; 



y) 



U) 



(5.42) 



(*i 2 (i))" 
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By virtue of eqs.( |A.3a| , |A.7a| ) all the S0(l,2) x 0(jV) x D invariants or three-dimensional 
superconformal invariants are 

Xl(j)-X 1(k) , 1(j)a X l(k y-fO^ (l) , 01(j)a@l(fc)01(Ofc l(m) , ®l(j)a®l( k ) ■ 

(5.43) 



In particular, from eq. ( |5.36| ) we note that they produce cross ratio type invariants depending 



on four points, z r , z s , zt, z M , the non-supersymmetric of which are well known - see e.g. 

{4 s + \{e rsa e%f){xl + \{9 tua e^ 



Ref. [26 



(a& + {(0ru a 6 a ru ) 2 ) (xl + \{9 tm 9t 



(5.11) 



) 2 

ts) 



If we restrict the i?-symmetry group to be SO (A/") instead of 0(A/") then the followings 
are also superconformal invariants in the case of even A/", according to Weyl p5| 



2 



^V" <w/ V /a IIW'> T ia >» = e 1{h)aj e% 2) or e 10lK .x 1( , 2) - 7 e^ 3) , 

(5.45) 
which we may call pseudo-invariants. 

6 Superconformally Covariant Operators 

In general acting on a quasi-primary superfield, ty p r (z), with the spinor derivative, D aa , 
does not lead to a quasi-primary fieldf]. For a superfield, ^ p r , from eqs. Q4.8| , fO| ,|5i)|) we 
have 

D aa S^f p r = -(£ + ( V + l)\)D aa y p r 



Da^/w^ - D ac ^>/{s^w^)% 



Ly ba^ p h a 1 ^aa^ p 2 V & c > s 



(6.1) 



2' 

+ 2p h() (*YW aa ) f r, 

where Y bl3 aa is given by 

Y h(i aa = 2s b a 5? a + 5 b a s? a - V 8 b a 8^ a . (6.2) 

6 For conformally covariant differential operators in non-supersymmetric theories, see e.g. p7|,|2q|. 
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To ensure that D aa ^/ p r is quasi-primary it is necessary that the terms proportional to p 
vanish and this can be achieved by restricting D aa fy p r to an irreducible representation of 
SO(l, 2) x 0(A/") and choosing a particular value of r\ so that ^>Y = 0. The change of the 
scale dimension, r\ — > r\ + |, in eq.fl6.1|) is also apparent from eq.( |2.21|) 



D aa = Q{z\ g)^L~ ll3 a (z; g)U a \z; g)D' b 



6/3 



(6.3) 



As an illustration we consider tensorial fields, ^ai-a m ai-a„) which transform as 

0^ai-a m ai-a„ = — [L, + T]A)W ai ... amCtl ... an 

m n 



p=\ 



9=1 



Note that spinorial indices and gauge indices, a, a may be raised or lowered by 

,— la/3 , xab x 

C , Co/3, , a b- 



(6.4) 



For ^ai-omai-an w e have 



(*y^ 



ao;/ai---a m ai"-a r , 



■(^+|n)<J6o^a*ai...a m ai...a B 



+0 a 2^ ("asp^ai-i-amoi-an "£><%> ^ai---a---a m ai---a n ) 



(6.5) 



+"fea ^_^ Qq^ai a m Qi-a-a„ • 

9=1 

In particular, eq. (|6.5|) shows that the following are quasi-primary 



D[b(j3^ (H-arrJat-an) 



if 7] = m + \n 



2'"' 



(6.6a) 



Dmp^ai-ar, 



if 7] = m 



2 ; 



(6.6b) 



where (), [] denote the usual symmetrization, anti-symmetrization of the indices respec- 
tively and obviously eq.( |6.6a|) is nontrivial if 1 < m + 1 < J\f '. Note that due to the term 
containing 5 aap in eq.( |6~5|) one should anti-symmetrize the gauge indices. 
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Now we consider the case where more than one spinor derivative, D aa , act on a quasi- 
primary superfield. In this case, it is useful to note 

D[ a [ a D b ]p] = 0, (6.7) 

and 

DaaPb/3 = -i8ab(eb-j) a /3 ■ (6.8) 

From eq.( |6.5|) one can derive 



^[6i(/3i • ■■D bl/3l 5'^ ai ... am ] ai ... an - ) 

= 2l(-r) + m + \n + \(l- l))P[ bl(/3l -Dfe 2 /32 ■ ■ • D bll3t ^ ai ... am]ai ... an ) + homogeneous terms. 

(6.9) 
Hence the following is quasi-primary 

D [bl{f3l ---D blf3l ty ai ... am]ai ... an) if r? = m+±n+ §(/-!). (6.10) 
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Appendix 



A Useful Equations 

Some useful identities relevant to the present paper are 

itr(7'V) = tf , (A.la) 

ryPry v ryP — jjt^jP _ ■qWry" _|_ yjVPjl* _|_ i e Pvp ? (A. lb) 

-i\^ p lvl P = Y ■ (A.lc) 

e^ K e XpK = 5» x 5%-5%5» x , (A.2a) 

t^e XvK = 28" x , (A.2b) 



c puVK 



(A.2c) 



pe = -\{eYpln + ep 1) , (A.3a) 

e^eVe = -|(£7 M P7 M - £p 1) . (A.3b) 
For Majorana spinors 

D a J h(i = -5 a b 5j , D a J bp = 5 ab e al3 , (A.4a) 

jjaagbf) = _ 6 ab e -laf3 ^ D aa 9 b p = 5 a b 5 a p , (A.4b) 

D a J b 9 b = 26 aa , (A.4c) 

D aa x + ^ = 2i8j9 ai , (A.4d) 

D aa xJ, = 2i{8j9 ai ~ 8^e aa ) . (A.4e) 
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7°x ± 7° = 4 , (A.5a) 

ex ± e _1 = -x*p , (A. 5b) 

detx+ = detx_ = -x 2 - \{0 a 6 a f . (A.5c) 

SjSpi - <W = e a ^ 5 . (A.6) 

h^'^i^' = -2(H>' 4>o' - oo' H>' , ( A - 7a ) 

e iix ... iid e Ux ... Vd = J2 sign(p) 6 tllVpi ■ ■ ■ 5„ d „ Pd p : permutations , (A.7b) 
p=i 



^i-^ x (t) ■ ■ ■ x (d) = ±yje iv " id x(iyx( il )---xwx iid) . (A. 7c) 

B Solution of Superconformal Killing Equation 

From the well known solution of the ordinary conformal Killing equation ( |3.10| ) PSA , we 
may write the general solution of the superconformal Killing equation (|3.15|) as 



h?(z) = 2x-b(0) x* - (x 2 - \(0 a a ) 2 )b»(6) + e» vX x u b x (0)6 a 6 a 

(B.l) 
+w» u (0)x u + \e^ uX w uX (0)6 a e a + \(6)x>* + a*(6) . 

Substituting this expression into eq.( ^.15| ) leads three independent equations corresponding 
to the second, first and zeroth order in x. Considering the quadratic terms or the coefficients 
of x p x\, we get 

V ^D aa b x (0) + rf^DJbPid) - r]P x D aa b^(9) 

(B.2) 
= -i\e^ K l Kp a {r] up D aa b x {0) + ^ x D aa bP{9) - V e x D aa b»(9)) . 
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Contracting this with r] pX gives 

0^(9) = -i\e^ VKl ^ a D a pb v {9) , (B.3) 

while contraction with rj^x leads 

D aa b p (6) = i\e<> VKl ^ a D a pb v (6) . (B.4) 

Thus 

D aa b p (9) = 0, (B.5) 

& M (#) is constant. Straightforward calculation shows that 2x-bx^ — (x 2 — \{9 a 9 a ) 2 )V J " + 
e fJ, u \x u b x 8 a 9 a is a solution of the superconformal Killing equation ( |3.15|) . 

Now the linear in x terms become 

D m {e^ K v K {9) + tT A(0)) = ilD^iTTviB)^ - v»(9)r - e^ K X{9)j K f a , (B.6) 

where v K {9) is the dual form of w^ Ll/ {9) 

v * = ±e K ^w^ , w^ = e^v K . (B.7) 

Contracting eq.( [B.6|) with r/^ gives 

D aa \(6) = i\D a ^ a {9) , v^ Q (#) = ^(0) 7 / Q . (B.8) 

Substituting this back into eq.( p.6| ) leads 

= 5e^D aa v p (9) - irfD^aie) + 4tD a ^(9)Y\ - iD a pv v (9)^ a . (B.9) 

Contraction with e K pu shows that v fl (9) satisfies the superconformal Killing equation ( |3.15| ) 

D aa v K (9) = -i\e% v D aP v»(9)Y P a ■ (B.10) 

Eqs. (|B.8| , p3.10| ) are actually equivalent to eq.( B.6| ), since from eq.( B.10|) successively 
D aa v K (9)Y a f3 = i\e^D aP v^9) + §77"' >D < aa v a p {9) - \D aa vP{9)^ a p , 

D aa v^{9)Y )a p = \r] Kp D aa v a p {9) , 

(B.ll) 
D aa v^{9)Y ]a p = ie^D a pv^{9) , 

D aa v K {9)Y a p = ie K ^D a0 v^{9) + \^ p D aa ^p{9) , 
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and the last expression makes eq.( [B.9| ) hold. 



To solve eq.( [B.10|) we first note from 

D aa v^(6) = l5jD a5 v\(6) - l5^D aS v s a (6) , 

that 

D bp D aa v< 5 {0) = -iSjD^D^sip) + \5~< 5 D au) D b ^ a {9) 

= %6 c ?D bu D a pv u 8(e) - iSjDtoD^pid) - l^ 5 D bu) D a ^ a {6) 
+ \P 5 D bul D aa ^p{6) . 
Contraction with 5^ gives 

DjrfDa^sie) = -D bl D aS yP a (9) , 
so that eq.( p,13|) becomes 

D bf3 D aa v^ s (e) = l8c?D^D a ^ s (9) - lF f s D bu D afi v u a (e) , 
which is in fact equivalent to eq.( |B.13j ). 

From eq. (|B.15|) and D bp D aa ^ s (9) = -D aa D b/3 v~* s {9) we get 
25 a ^D buJ D a ^ s (9) + 28 l ?D aw D ha v» 5 (e) = 5~* s (D auj D ba v^(9) + D bu] D a ^ a {9)) . 
Contracting with <5 7 a gives 

3D buj D af3 v" s (9) = -2D aul D b ^ s (9) + D au) D bS ^ >(0) . 



(B.12) 



(B.13) 



(B.14) 



(B.15) 



(B.16) 



(B.17) 



Hence from eq. (|B.14|) we can put 

DhujDauV^p = T ab (9)e a /3 , 

T ab (0) = \D b pD aa {v{9)t-y a = -T ba (9) , 
so that eq.( p,15|) becomes with eq. (|A.6|) 

D bf3 D aa v^(9) = l(28 a ^ s - e p J-y 6 )r ab (9) 

39 



(B.18) 



(B.19) 



Thus 

D n T ab (6) = \D b pD aa D n {y(6)e- l Y a 



iD^Y^iB) (B.20) 



Therefore T ab {6) is independent of 6 and v(0) is at most quadratic in 9. 
From eq.( [B.19| ) we get 

DbpD^Y 1 s(0) = epsTai, . 



Integrating this gives 

J aa) 5 



Ax 7 v 7 a (#) = 6*(A* + p a 



where 6it a 6 = T ab so that 



t* = -t. 



and the spinor, p aa , appears as a constant of integration. 
Now eq.( [B.12| ) becomes with eq.( |2.4|) 



Integrating this gives 

v n(0) = it a b e bl ^e a + 2ip al »e a + v» . 

Eq.( B.8|) becomes 

D aa X(0) = —2t a 9 ba — 2p aa , 

so that 

D b pD aa \{9) = —i^T ab e a p . 

However from D b pD aa \(9) + D aa D h p\{6) = we note T ab = 0. Hence 



B.21) 
B.22) 
B.23) 

B.24) 

B.25) 
B.26) 
B.27) 



w< xv {9) = p a {Yl v ~ l u ^)9 a + w^ , (B.28a) 

A(0) = -2p a 6 a + X . (B.28b) 

With these expressions straightforward calculation shows that w^ v {6)x u + \e^ u \w uX {9)9 a 9 a + 
\{6)x^ is a solution of the superconformal Killing equation ( |3.15| ). 

The remaining terms are 

D aa a»(6) = -tle^ p D a pa x (6)Y' 3 a , (B.29) 
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the general solution of which we already obtained. From eq.( |B.25 ) 



a" (6) = it a b 6 b Y0 a + 2ie a ^9 a + a^ . (B.30) 

For a^{6) to be real t must be anti-hermitian and hence with eq. QB.23 ) t G o(jV). 



All together, we obtain the general solution of the superconformal Killing equation (|3.17| ) 



C Basis for Superconformal Algebra 

We write the superconformal generators in general as 

K-V = a M P M + s a Q a + XD + Iw^M^ + WK^ + p a S a + \t ab A ab , (C.l) 

for 

JC = (a", &**, e a , p a , A, w^, t a b ) , (C.2a) 

V = (P M , K,„ Q a } S a } D, M^, A a b ) , (C.2b) 

where we put t ab = 5 ac t c b and the P-symmetry generators, A ab = A a c 6 cb , satisfy the o(jV) 
condition, A^ = A 1 = —A. 

The superconformal algebra can now be obtained by imposing 

[K v V,K2-V] = -iK 3 -V, (C.3) 

where /C3 is given by eq. (|3.44j) . From this expression, we can read off the following super- 
conformal algebra. 



Poincare algebra 

[P M , P v ] = , [M^, P x ] = i( VliX P v - J7„ A P M ) , 



(C.4) 



Supersymmetry algebra 

{Q aa ,Q b p} = 25\r%P», 

[M lluJ Q a }=t^ lu] Q\ (C.5) 

[P„Q aa } = 0. 
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(C.6) 



(C.7) 



Special superconformal algebra 

[Kp, K v ]=0, [M^, K x ] = %{i]^K v - rivxKj , 

{S aa ,S bp } = 2S a b ^ a pK lt , 

[K lt ,S a °] = 0. 

Cross terms between (P, Q) and (K, S) 

[P^K v ] = 2i(M^ + ^ v D), 

[P„S a ] = -^Q a , 

[K„Q a ] = -^S a , 

{Q aa , S bf3 } = -i5 a b (25 a pD + (7 V ] ) a /3M^) + 2i8 a p A\ . 

Dilations 

[D,P fl ] = -tP^ [D,K li ]=iK ll , 

[D,Q a \ = -i\Q\ [D,S a ]=i\S\ (Ci 

[D,D] = [D,M^] = [D,A a b ] = 0. 
R-symmetry, o(J\f) 

[A ab , A cd ] = i(5 ac A b d — 5 a dA bc — 5 bc A ad + 5 bd A ac ) , 

[A ab ,Q c }=t(5 a c 5 bd -5 b c 5 ad )Q d , 

[A ab ,S c }=t(5 a c 5 bd -5 b c 5 ad )S d , 

[A a \ P M ] = [A a \ K,} = [A a \ M^] = . 



(C.9) 
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D Realization of SO(2, 3) = Sp(2, R) structure in M 

We exhibit explicitly the relation of the three-dimensional conformal group to 

SO(2, 3) = Sp(2, R) by introducing five-dimensional gamma matrices, T A , A = 0, 1, ■ ■ • , 4 

-(:_;)' --os)- *-Us)- (Di) 

They satisfy with G Afl = diag(+l, -1, -1, -1, +1) 

T A T B + T B T A = 2G AB ^ (D.2) 

and 



7° \ rA ( 7° \ _ F A t f e \ A / e- 1 

7° T 7° " [ ' 1 e J X 1 e^ 1 



For the supermatrix, M, given in eq. (|3.45|) , we may now express the 4x4 part in terms of 
T^ = l[T A ,T B }as 



m 



w + tjA ia-y 



2 /v tLU _ l,.. . „r^ 



ib-y w — ^\ 



\w AB Y AB , (D.4) 



where W34, u> M 3, w^ are given by 

u; 34 = A , w^ = a M - 6 M , w m4 = a^ + b^. (D.5) 

pAs g enera tes the Lie algebra of SO (2, 3) 

[T AB^ pCD] = _ G AC V BD + ^DpBC + ^BC^AD _ qBD^C (D g) 

In general, m can be defined as a 4 x 4 matrix subject to two conditions 

bm + mtb = , 6 = ( °° 'o ) ' ( D ' 7a ) 

cm + m'c = , c= n ) ' (D.7b) 

To show SO(2, 3) = Sp(2,R) we take, without loss of generality, 7 = ie and e to be 
real. Now if we define 

in = pmp~ x , p = J , (D.8) 
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then from 



p 1 = pt = p \ pc p i = ( ^ o ) = J ' ( ^ D ' 9 ' ) 



we note that eq.( p.7a| ) is equivalent to the sp(2,R) condition 

m* = fh , jm + m'j = . (D.10) 
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